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Abstract
We introduce exceptional field theory for the group E7p7q, based on a p4`56q-dimensional
spacetime subject to a covariant section condition. The ‘internal’ generalized diffeomor-
phisms of the coordinates in the fundamental representation of E7p7q are governed by a
covariant ‘E-bracket’, which is gauged by 56 vector fields. We construct the complete
and unique set of field equations that is gauge invariant under generalized diffeomor-
phisms in the internal and external coordinates. Among them feature the non-abelian
twisted self-duality equations for the 56 gauge vectors. We discuss the explicit solutions
of the section condition describing the embedding of the full, untruncated 11-dimensional
and type IIB supergravity, respectively. As a new feature compared to the previously
constructed E6p6q formulation, some components among the 56 gauge vectors descend
from the 11-dimensional dual graviton but nevertheless allow for a consistent coupling
by virtue of a covariantly constrained compensating 2-form gauge field.
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1 Introduction
In this paper we present the details of the recently announced ‘exceptional field theory’ (EFT) [1]
for the group E7p7q, complementing the E6p6q covariant construction given in [2]. The approach
is a generalization of double field theory (DFT) [3–8],1 with the goal to render the dynamics of
the complete D “ 11 supergravity [10] covariant under the exceptional groups that are known
to appear under dimensional reduction [11]. We refer to the introduction of [2] for a more
detailed outline of the general ideas, previous attempts, and extensive references. Here we will
mainly present and discuss the novel aspects relevant for the larger group E7p7q.
The E7p7q EFT is based on a generalized 4` 56 dimensional spacetime, with the ‘external’
spacetime coordinates xµ and ‘internal’ coordinates YM in the fundamental representation 56
of E7p7q, with dual derivatives BM .
2 Correspondingly, the field content incorporates an external
frame field (‘vierbein’) eµ
a and an internal generalized metric MMN , parametrizing the coset
space E7p7q{SUp8q. Crucially, the theory also requires the presence of generalized gauge connec-
tions Aµ
M and a set of 2-forms tBµν α , Bµν Mu, in order to consistently describe the complete
degrees of freedom of D “ 11 supergravity (and necessarily including also some of their duals).
The 2-forms Bµν α in the adjoint representation of E7p7q are known from the dimensionally re-
duced theory where they show up as the on-shell duals of the four-dimensional scalar fields. The
significance of the additional two-forms Bµν M in the fundamental representation will become
apparent shortly. The presence of these fields that go beyond the field content of the dimension-
ally reduced theory, is required for gauge invariance (under generalized diffeomorphisms) and at
the same time crucial in order to reproduce the full dynamics of D “ 11 supergravity. All fields
are subject to a covariant section constraint which implies that only a subset of the 56 internal
coordinates is physical. The constraint can be written in terms of the E7p7q generators ptαq
MN
1See [9] for a review and further references.
2 Such generalized spacetimes also appear in the proposal of [12].
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in the fundamental representation, and the invariant symplectic form ΩMN of E7p7q Ă Spp56q,
as
ptαq
MN BMBNA “ 0 , ptαq
MN BMA BNB “ 0 ,
ΩMN BMA BNB “ 0 ,
(1.1)
for any fields or gauge parameters A,B.
Our main result is the construction of the gauge invariant E7p7q EFT with the field content
described above  
eµ
a , MMN , Aµ
M , Bµν α , Bµν M
(
. (1.2)
The 56 gauge fields Aµ
M are subject to the first-order twisted self-duality equations
Fµν
M “ ´
1
2
e εµνρσ Ω
MNMNKF
ρσ K , (1.3)
with properly covariantized non-abelian field strengths Fµν
M that we will introduce below. In
the abelian limit and upon dropping the dependence on all internal coordinates YM , these
duality equations are known from the dimensional reduction of D “ 11 supergravity to four
spacetime dimensions [11]. In that case, they provide a duality covariant description of the
dynamics of the gauge field sector. In particular, after the choice of a symplectic frame, these
equations readily encode the standard second order field equations for the 28 electric vector
fields. On the other hand, the full non-abelian self-duality equations (1.3) that we present in
this paper reproduce the dynamics of the full (untruncated) eleven-dimensional supergravity
for these fields.
In addition to (1.3), the dynamics of the remaining fields is described by second order field
equations, that are most conveniently derived from an action:
SEFT “
ż
d4x d56Y e
´ pR` 1
48
gµν DµM
MN DνMMN
´
1
8
MMN F
µνMFµν
N ` e´1Ltop ´ V pMMN , gµνq
¯
.
(1.4)
The theory takes the same structural form as gauged N “ 8 supergravity in D “ 4 [13,14], with
a (covariantized) Einstein-Hilbert term for the vierbein eµ
a, a kinetic term for M given by a
non-linear (gauged) sigma-model with target space E7p7q{SUp8q, a Yang-Mills-type kinetic term
for the gauge vectors and a ‘potential’ V pM, gq that is a manifestly E7p7q covariant expression
based only on internal derivatives BM . In addition, there is a topological Chern-Simons-like
term, which is required for consistency with the duality relations (1.3). We stress that here all
fields depend on the 4` 56 coordinates, with the internal derivatives entering the non-abelian
gauge structure of covariant derivatives and field strengths, and that the theory encodes in
particular D “ 11 supergravity for a particular solution of the constraints (1.1). The detailed
construction of all terms in the action will be given below.
The EFT is uniquely determined by its bosonic gauge symmetries, which are the generalized
diffeomorphisms in the external and internal coordinates. In the rest of the introduction we
will briefly explain the novel features of its gauge structure. As in DFT, the generalized inter-
nal diffeomorphisms take the form of generalized Lie derivatives LΛ with respect to a vector
2
parameter ΛM , e.g., δΛMMN “ LΛMMN . These generalized Lie derivatives, which preserve
the E7p7q group properties of MMN , form an algebra according to“
LΛ1 ,LΛ2
‰
“ LrΛ1,Λ2sE , (1.5)
modulo the constraints (1.1), and with the E7p7q E-bracket rΛ1,Λ2sE defined by“
Λ1,Λ2
‰M
E
“ 2ΛKr1BKΛ
M
2s ` 12 ptαq
MN ptαqKL Λ
K
r1BNΛ
L
2s ´
1
4
ΩMNΩKLBN
`
ΛK1 Λ
L
2
˘
. (1.6)
This is the E7p7q-covariant extension of the usual Lie bracket in differential geometry. However,
it does not define a proper Lie algebra in that the Jacobi identity is violated. In order to resolve
the apparent contradiction with the fact that the Lie derivatives define symmetry variations δΛ
of the theory (which do satisfy the Jacobi identities), the usual explanation is common to DFT
and the higher-dimensional versions of EFT: the section constraints (1.1) imply the existence
of gauge parameters that are trivial in the sense that their action on an arbitrary field vanishes
on the ‘constraint surface’ of (1.1). Specifically, this is the case for gauge parameters given by
total (internal) derivatives according to
ΛM ” ptαqMNBNχα , or Λ
M ” ΩMNBNχ , (1.7)
with arbitrary χα and χ. As will become important shortly, however, for the E7p7q generalized
Lie derivative there is actually a more general class of trivial parameters, for which there is no
direct analogue in DFT or the E6p6q EFT. These are of the form
ΛM ” ΩMNχN , with χN covariantly constrained , (1.8)
where by ‘covariantly constrained’ we denote a field χM that satisfies the same covariant con-
straints (1.1) as the internal derivative BM , i.e.,
ptαq
MN χM BN “ ptαq
MN χM χN “ 0 , Ω
MN χM BN “ 0 , etc. , (1.9)
in arbitrary combinations and acting on arbitrary functions. It is straightforward to see that
with χM “ BMχ the class of trivial gauge parameters (1.8) contains the last term in (1.7) as
a special case, but in general this constitutes a larger class which will prove important in the
following. In particular, the Jacobiator associated with (1.6) can be shown to be of the form
JM pΛ1,Λ2,Λ3q ” 3
““
Λr1,Λ2
‰
E
,Λ3s
‰M
E
“ ptαqMNBNχαpΛq ` Ω
MNχN pΛq , (1.10)
where
χαpΛq “ ´
1
2
ptαqPQΛ
P
1 rΛ2,Λ3s
Q
E ` cycl. ,
χN pΛq “
1
12
ΩPQ
`
ΛP1 BN rΛ2,Λ3s
Q
E ` rΛ2,Λ3s
P
E BNΛ
Q
1 ` cycl.
˘
,
(1.11)
constitute trivial gauge parameters of the type (1.7), (1.8). Thus the Jacobiator has trivial
action on all fields and becomes consistent with the Jacobi identity for the symmetry variations.
Let us stress that the general class (1.8) of trivial gauge parameters is crucial in order to establish
consistency of the gauge transformations with the Jacobi identity. This seemingly innocent
3
generalization of (1.7) has direct consequences for the required field content and couplings of
the theory.
In EFT the gauge transformations, given by generalized Lie derivatives (1.5), are local both
w.r.t. the internal and external space, i.e., the gauge parameters are functions of x and Y ,
ΛM “ ΛM px, Y q. All external derivatives Bµ thus require covariantization by introduction of
an associated gauge connection Aµ
M . We are then faced with the need to construct a gauge
covariant field strength associated to symmetry transformations with non-vanishing Jacobiator
(1.10). This is a standard scenario in the tensor hierarchy of gauged supergravity [15, 16] and
solved by introducing as compensator fields an appropriate set of 2-form potentials with their
associated tensor gauge transformations. Applied to our case, the full covariant field strength
reads
Fµν
M ” Fµν
M ´ 12 ptαqMNBNBµν α ´
1
2
ΩMNBµν N , (1.12)
where Fµν
M denotes the standard non-abelian Yang-Mills field strength associated with (1.6),
and the 2-forms Bµν α, Bµν M enter in correspondence with the two terms in the Jacobiator
(1.10). The novelty in this field strength, as compared to the corresponding field strength of
DFT [17] and the E6p6q EFT [2], is the last term which carries a 2-form Bµν M that itself is
a covariantly constrained field in the sense of (1.9). The form of the Jacobiator (1.11) shows
that gauge covariance of the field strength requires this type of coupling, whereas a (more
conventional but weaker) compensating term of the form ΩMNBNBµν with an unconstrained
singlet 2-form Bµν would not be sufficient to absorb all non-covariant terms in the variation.
While the notion of such a constrained compensator field may appear somewhat outlandish,
the above discussion shows that its presence is a direct consequence of the properties of the E-
bracket Jacobiator for E7p7q. In turn, this compensator field will play a crucial role in identifying
the dynamics of (1.3), (1.4), with the one of the full D “ 11 supergravity. It ensures the correct
and duality covariant description of those degrees of freedom that are on-shell dual to the
eleven-dimensional graviton. More specifically, after explicit solution of the section constraint
(1.1) and upon matching the field content (1.2) with that of D “ 11 supergravity, 7 components
among the 56 gauge fields Aµ
M find their origin in the Kaluza-Klein vectors descending from
the D “ 11 metric. The twisted self-duality equations (1.3) thus seem to provide a first-order
description of (at least a part of) the higher-dimensional gravitational dynamics by relating
the 7 Kaluza-Klein vectors to 7 vector fields descending from what should be considered the
D “ 11 dual graviton [18–21]. Such a duality is commonly recognized to be restricted to the
linearized level on the grounds of the no-go results of [22, 23]. The non-linear equations (1.3)
circumvent this problem precisely by virtue of the covariantly constrained compensator fields
Bµν M , which can be viewed as a covariantization of the formulation of [24]. As a result, the
E7p7q-covariant model (1.3), (1.4), upon appropriate solution of the section constraint (1.1),
precisely reproduces the complete set of untruncated D “ 11 field equations while featuring
components of the dual graviton. The very same pattern has been observed in the 3D duality-
covariant formulation of D “ 4 Einstein gravity in [25] where the constrained compensator
gauge fields appear among the gauge vectors. In contrast, in the E6p6q-covariant construction
of [2], the degrees of freedom from the higher-dimensional dual graviton do not figure among the
fields in the EFT action and the constrained compensator fields only enter the p-form hierarchy
at the level of the three-forms.
We finally note that while the above action (1.4) is manifestly invariant under the internal
generalized diffeomorphisms with gauge parameter ΛM (in the sense that each term is sepa-
rately invariant), it also features a non-manifest gauge invariance under diffeomorphisms in the
external coordinates xµ (with the parameter ξµ depending on coordinates x and Y ). In fact, it
is this symmetry, to be discussed below in more detail, that determines all relative coefficients
in (1.4).
This paper is organized as follows. In sec. 2 we introduce the details of the E7p7q generalized
Lie derivatives and its E-bracket algebra, together with the associated covariant derivatives,
field strengths and the tensor hierarchy. With these ingredients at hand, we define in sec. 3 the
full E7p7q EFT, including a discussion of the non-manifest invariance under p3` 1q-dimensional
diffeomorphism of the xµ. In sec. 4 we discuss the embedding of 11-dimensional supergravity
and IIB supergravity upon choosing particular solutions of the section constraint. We conclude
in sec. 5, while we collect some important E7p7q relations in the appendix.
2 E7p7q Generalized Diffeomorphisms and the Tensor Hierarchy
In this section, we introduce the E7p7q generalized Lie derivatives that generate the internal
(generalized) diffeomorphisms and the E-bracket and work out the associated tensor hierarchy.
Vector fields Aµ
M in the fundamental 56-dimensional representation of E7p7q act as gauge fields
in order to covariantize the theory under x-dependent internal (generalized) diffeomorphisms.
The non-trivial Jacobiator of the E-bracket further requires the introduction of the two-form
Bµν α in the adjoint of E7p7q in accordance with the general tensor hierarchy of non-abelian
p-forms [15,16]. Up to this point, the construction is completely parallel to the construction of
the E6p6q-covariant tensor hierarchy, presented in detail in [2]. We will thus keep the presen-
tation brief and compact. The new ingredient w.r.t. to the E6p6q-covariant construction is the
appearance of a covariantly constrained compensating gauge field Bµν M among the two-forms,
whose presence is required by closure of the tensor hierarchy. This field takes values in the
fundamental representation of E7p7q, however, restricted by covariant constraints, see (2.34)
below.
Generalized Lie derivative and E-bracket
Let us start by collecting the relevant ingredients of the exceptional Lie group E7p7q. Its Lie
algebra is of dimension 133, with generators that we denote by tα with the adjoint index
α “ 1, . . . , 133. The fundamental representation of E7p7q is of dimension 56 and denoted by
indices M,N “ 1, . . . , 56. The symplectic embedding E7p7q Ă Spp56q implies the existence
of an invariant antisymmetric tensor ΩMN which we will use to raise and lower fundamen-
tal indices, adopting north-west south-east conventions: VM “ ΩMNVN , VM “ V
NΩNM , with
ΩMKΩNK “ δN
M . In contrast, adjoint indices are raised and lowered by the (rescaled) symmet-
ric Cartan-Killing form καβ ” ptαqM
N ptβqN
M . Due to the invariance of ΩMN , the gauge group
generator in the fundamental representation with one index lowered, ptαqMN , is symmetric in
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its two fundamental indices. Below we will need the projector onto the adjoint representation
P
K
M
L
N ” ptαqM
KptαqN
L
“
1
24
δKM δ
L
N `
1
12
δLM δ
K
N ` ptαqMN pt
αqKL ´
1
24
ΩMNΩ
KL , (2.1)
which satisfies
P
M
N
N
M “ 133 . (2.2)
Next, we introduce the generalized Lie derivative w.r.t. the vector parameter ΛM . Its action
on a vector VM of weight λ is defined as [26,27]
δV M “ LΛV
M ” ΛKBKV
M ´ 12PMN
K
L BKΛ
L V N ` λ BPΛ
P V M , (2.3)
with appropriate generalization for its action on an E7p7q tensor with an arbitrary number
of fundamental indices. Because of the projector in (2.3), the generalized Lie derivative is
compatible with the E7p7q algebra structure: e.g. the Ω-tensor is an invariant tensor of weight 0
LΛΩ
MN “ 0 , (2.4)
implying that the definition (2.3) also induces the proper covariant transformation behavior
for the covariant vector VM ” ΩNMV
N . Explicitly, writing out the projector (2.1), the Lie
derivative (2.3) reads
δΛV
M “ ΛKBKV
M ´ BNΛ
MV N `
´
λ´
1
2
¯
BPΛ
P VM
´ 12 ptαq
MN ptαqKL BNΛ
KV L ´
1
2
ΩMNΩKL BNΛ
KV L . (2.5)
We now discuss some properties of the generalized Lie derivative. As mentioned in the
introduction, there are trivial gauge parameters that do not generate a gauge transformation.
They are of the form
ΛM ” ptαqMNBNχα , Λ
M “ ΩMNχN , (2.6)
with a covariantly constrained co-vector χM in the sense of satisfying (1.9). In order to state
the constraints in more compact form, let us introduce the projector P1`133 onto the 1‘ 133
sub-representation in the tensor product 56 b 56. In terms of this projector the constraints
(1.9) take the compact form
pP1`133q
MN χM BN “ 0 “ pP1`133q
MN χM χN . (2.7)
The triviality of ΛM “ ΩMNχN follows by a straightforward explicit calculation, using the
identity (A.1) and making repeated use of the constraints. The triviality of the first parameter
in (2.6) follows similarly by a straightforward but somewhat more involved computation, using
the identities in the appendix.
Let us now discuss the algebra of gauge transformations (2.3). A direct computation making
use of the algebraic identities collected in appendix A shows that modulo the section constraints
(1.1), these gauge transformations close [26,27],“
δΛ1 , δΛ2
‰
“ δrΛ2,Λ1sE , (2.8)
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according to the ‘E-bracket’“
Λ2,Λ1
‰M
E
“ 2ΛKr2BKΛ
M
1s ` 12 ptαq
MN ptαqKL Λ
K
r2BNΛ
L
1s ´
1
4
ΩMKΩNLBK
`
ΛN2 Λ
L
1
˘
. (2.9)
Note that the last term in here is actually of the trivial form (2.6) and so does not generate a
gauge transformation. This term is therefore ambiguous, and the reason we added it here (with
this particular coefficient) is that the associated Jacobiator, i.e. the failure of the E-bracket to
satisfy the Jacobi identity, takes a simple form. The appearance of this term is novel compared
to the E6p6q case and therefore we go in some detail through the proof of the triviality of the
Jacobiator. We first need some notation and define the Dorfman-type product between vectors
of weight 1
2
as
pV ˝W qM ” pLVW q
M “ V KBKW
M ´WKBKV
M
´ 12 ptαq
MN ptαqKL BNV
KWL ´
1
2
ΩMNΩKL BNV
KWL .
(2.10)
Comparing this with the E-bracket we conclude
pV ˝W qM “
“
V,W
‰M
E
´ 6ptαqMNBN
`
ptαqKLW
KV L
˘
`
1
4
ΩMKΩNL
`
V NBKW
L `WNBKV
L
˘
”
“
V,W
‰M
E
`
 
V,W
(M
, (2.11)
introducing for later convenience the short-hand notation in the second line defined by the
symmetric pairing in the first equation. In contrast to the situation in DFT and the E6p6q
E-bracket, the final term in the first line cannot be written as a total derivative. Rather, it is
of a trivial form in the stronger sense of (2.7). Therefore, both terms generate a trivial action,
and we have
LrV,W sE “ LpV ˝W q . (2.12)
Another important property is that the antisymmetrized Dorfman product coincides with the
E-bracket as defined in (2.9),
1
2
pV ˝W ´W ˝ V q “
“
V,W
‰
E
. (2.13)
It is this property that determines the a priori ambiguous coefficient of the ΩΩ term in the
E-bracket. Finally, the Dorfman product satisfies the Jacobi-like (or Leibniz-type) identity
U ˝ pV ˝W q “ pU ˝ V q ˝W ` V ˝ pU ˝W q . (2.14)
This follows from the algebra and the property (2.12) in complete analogy to the discussion
in [2]. It is now straightforward to compute the Jacobiator
JpV1, V2, V3q ” 3
““
Vr1, V2
‰
E
, V3s
‰
E
“ ´3
“
Vr1,
“
V2, V3s
‰
E
‰
E
. (2.15)
In the following computation we will assume total antisymmetrization in the three arguments
1, 2, 3, but not display it explicitly. Keeping this in mind we compute for the term on the
right-hand side with (2.13) and (2.14):“
V1,
“
V2, V3
‰
E
‰
E
“
“
V1, V2 ˝ V3
‰
E
“
1
2
`
V1 ˝ pV2 ˝ V3q ´ pV2 ˝ V3q ˝ V1
˘
“
1
2
`
pV1 ˝ V2q ˝ V3 ` V2 ˝ pV1 ˝ V3q ´ pV2 ˝ V3q ˝ V1
˘
“ ´
1
2
V1 ˝ pV2 ˝ V3q ,
(2.16)
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where we recalled the total antisymmetry in the last step. Thus, the E-bracket Jacobiator is
proportional to the ‘Dorfman-Jacobiator’. On the other hand, from (2.11) we also have“
V1,
“
V2, V3
‰
E
‰
E
“
“
V1, V2 ˝ V3
‰
E
“ V1 ˝ pV2 ˝ V3q ´
 
V1,
“
V2, V3
‰
E
(
. (2.17)
Using that this equals (2.16) we can determine the Dorfman-Jacobiator and, via (2.16) again,
the E-bracket Jacobiator (2.15),
JpV1, V2, V3q “
1
3
´ 
V1, rV2, V3sE
(
`
 
V2, rV3, V1sE
(
`
 
V3, rV1, V2sE
(¯
, (2.18)
writing out the total antisymmetrization. This shows that the Jacobiator is of a trivial form
that does not generate a gauge transformation. More explicitly, using the notation introduced
in (2.11), the Jacobiator is given by
JM pV1, V2, V3q “ ´
1
2
ptαq
MKBK
´
ptαqPL
`
V P1 rV2, V3s
L
E ` cycl.
˘¯
`
1
12
ΩMKΩNL
`
V N1 BK rV2, V3s
L
E ` rV1, V2s
N
E BKV
L
3 ` cycl.
˘
. (2.19)
So far, we have discussed the action of the generalized Lie derivative on vectors in the
fundamental representation of E7p7q. From (2.3), we likewise obtain the action of the Lie
derivative on a tensor in the adjoint representation (of weight λ1)
δWα “ Λ
KBKWα ` 12 fαβ
γ ptβqL
K BKΛ
LWγ ` λ
1 BKΛ
K Wα , (2.20)
with the E7p7q structure constants fαβ
γ . By construction, the E7p7q generators ptαq
MN then are
invariant tensors of weight 0 w.r.t. the generalized Lie derivative. In the following we will be
led to consider such adjoint tensors under internal derivatives, more specifically combinations
of the type
TM ” ptαqMN BNWα . (2.21)
Some straightforward computation (and use of some of the algebraic relations collected in
appendix A) shows that under the generalized Lie derivative, the combination (2.21) transforms
as
δΛ T
M “ ΛKBKT
M ´ 12PMN
K
L BKΛ
L TN `
´
λ1 ´
1
2
¯
BKΛ
K TM
` pλ1 ´ 1q ptαqMNWα BNBKΛ
K ` ΩMN ptαqL
KWα BNBKΛ
L . (2.22)
The first line amounts to the covariant transformation of a vector of weight λ “ λ1 ´ 1
2
, while
the second line represents non-covariant terms. The full result (2.22) then shows that for
λ1 “ 1, TM transforms like a contravariant vector of weight λ “ 1
2
up to a term proportional to
ΩMNBN . To correct for the latter, we may introduce a compensating field WM subject to the
same constraints as those discussed in (2.7), i.e.
pP1`133q
MN WM BN “ 0 “ pP1`133q
MN WM WN , (2.23)
and consider the combination
pTM ” ptαqMN BNWα ` 1
24
ΩMN WN . (2.24)
8
This combination then transforms as a covariant vector of weight λ “ 1
2
,
δΛ pTM “ ΛKBK pTM ´ 12PMNKL BKΛL pTN ` 1
2
BKΛ
K pTM , (2.25)
provided the compensating field WM transforms as
δΛWM “ Λ
KBKWM ` 12P
N
M
K
L BKΛ
LWN `
1
2
BKΛ
K WM ´ 24 pt
αqL
KWα BMBKΛ
L . (2.26)
A short calculation confirms that the transformation (2.26) indeed preserves the constraints
(2.23) on WM . The tensorial nature of (2.24) will prove crucial below for the structure of the
tensor hierarchy of non-abelian p-forms. We note that this crucially hinges on the introduction
of the compensating field WM .
Covariant derivatives and tensor hierarchy
We will now introduce gauge connections Aµ
M which manifestly render the model invariant
under generalized Lie derivatives (2.3) with x-dependent gauge parameters ΛM , covariantizing
the derivatives in the usual fashion,
Bµ Ñ Dµ ” Bµ ´ LAµ . (2.27)
Explicitly, from (2.5) we infer the form of the covariant derivative of a vector of weight λ,
DµV
M ” DµV
M ´ λ BKAµ
K VM
” BµV
M ´Aµ
KBKV
M ` V KBKAµ
M `
1´ 2λ
2
BKAµ
KVM
` 12 ptαq
MN ptαqKL BNAµ
KV L `
1
2
ΩMNΩKL BNAµ
KV L . (2.28)
The gauge variation of the vector field Aµ
M is obtained by requiring that the covariant derivative
transforms covariantly, which imposes
δAµ
M “ BµΛ
M ´Aµ
KBKΛ
M ` ΛKBKAµ
M
` 12 ptαq
MN ptαqKL Λ
L BNAµ
K `
1
2
ΩMNΩKLΛ
L BNAµ
K
“ DµΛ
M ´
1
2
pBKAµ
KqΛM ” DµΛ
M , (2.29)
showing that the gauge parameter ΛM is a tensor of weight λ “ 1
2
. The associated Yang-Mills
field strength,
Fµν
M ” 2BrµAνs
M ´
“
Aµ, Aν
‰M
E
(2.30)
“ 2BrµAνs
M ´ 2Arµ
KBKAνs
M ´
1
2
`
24 ptαq
MKptαqNL ´Ω
MKΩNL
˘
Arµ
N BKAνs
L ,
has a general variation given by
δFµν
M “ 2DrµδAνs
M ´ BKArµ
K δAνs
M ´ 12 ptαq
MKptαqNL BK
`
Arµ
N δAνs
L
˘
´
1
2
ΩMKΩLN
`
Arµ
N BKδAνs
L ´ BKArµ
NδAνs
L
˘
, (2.31)
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and is not covariant w.r.t. vector gauge transformations (2.29). This is a consequence of the
non-vanishing Jacobiator (2.19). In order to define a covariant field strength, it is natural in the
spirit of the tensor hierarchy [15,16] to extend the field strength (2.31) by further Stu¨ckelberg
type couplings according to
F˝µν
M ” Fµν
M ´ 12 ptαqMN BNBµν α , (2.32)
to two-form tensors Bµν α in the adjoint representation of E7p7q, whose transformations may ab-
sorb some of the non-covariant terms in (2.31). However, unlike the E6p6q covariant construction
of [2], this modification is not sufficient in order to obtain fully gauge covariant field strengths.
In particular, the last line of (2.31) continues to spoil the proper transformation behavior of
the field strength and cannot be absorbed into a transformation of Bµν α. This indicates that
in the E7p7q covariant construction new fields are required at the level of the two-form tensors,
as discussed in the introduction. We recall that with five external dimensions, these additional
fields only enter at the level of the three-forms and remain invisible in the action [2], whereas
in the three-dimensional case they are already present among the vector fields [25]. The fully
covariantized field strength is given by the expression
Fµν
M ” Fµν
M ´ 12 ptαqMN BNBµν α ´
1
2
ΩMK Bµν K , (2.33)
where the two-form Bµν K is a covariantly constrained compensating gauge field, i.e. a field
subject to the same section constraints as the internal derivatives,
pP1`133q
MN BMBN “ 0 , pP1`133q
MN BMBN “ 0 . (2.34)
The general variation of Fµν
M is given by
δFµν
M “ 2DrµδAνs
M ´ 12 ptαqMN BN∆Bµν α ´
1
2
ΩMK ∆Bµν K , (2.35)
with the E7p7q tensor δAµ
M of weight λ “ 1
2
, and
∆Bµν α ” δBµν α ` ptαqKLArµ
K δAνs
L ,
∆Bµν K ” δBµν K ` ΩLN
`
Arµ
NBKδAνs
L ´ BKArµ
N δAνs
L
˘
. (2.36)
In particular, we may define vector gauge variations
δΛAµ
M “ DµΛ
M ,
∆ΛBµνα “ ptαqKL Λ
KFµν
L ,
∆ΛBµνM “ ´ΩKL
`
Fµν
KBMΛ
L ´ ΛLBMFµν
K
˘
, (2.37)
under which the field strength Fµν
M transforms covariantly
δΛFµν
M “ ΛKBKFµν
M ´ 12PMN
K
L BKΛ
LFµν
N `
1
2
BKΛ
K Fµν
M , (2.38)
i.e., as an E7p7q vector of weight λ “
1
2
. As part of this calculation, we have used that
LFµν Λ
M “ LFµν Λ
M , (2.39)
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which states that Fµν and Fµν differ by terms that are trivial and so do not generate a gen-
eralized Lie derivative, c.f. (2.6). Let us also note that the form of the gauge transformations
(2.36), (2.37) manifestly preserves the constraints (2.34) on the compensating gauge field as a
consequence of (1.1).
The two-form tensors Bµν α and Bµν M carry their own gauge symmetries which act as
δAµ
M “ 12 ptαqMN BNΞµα `
1
2
ΩMN ΞµN ,
∆Bµνα “ 2DrµΞνsα ,
∆BµνM “ 2DrµΞνsM ` 48 pt
αqL
K
`
BKBMArµ
L
˘
Ξνsα , (2.40)
and leave the field strength (2.33) invariant. The tensor gauge parameters Ξµα and ΞµM are of
weight λ1 “ 1 and λ “ 1
2
, respectively, with their covariant derivatives defined according to (2.5)
and (2.20), respectively. Note that the seemingly non-covariant term in ∆BµνM has its origin
in the final term in (2.26), which reflects that the constrained field BM does not have separately
tensor character, but only in combinations of the type (2.24). In particular, the computation
of invariance of the field strength Fµν
M under (2.40) crucially depends on the observation that
a tensor combination according to (2.24) is again of tensorial nature.
We close this presentation of the tensor fields by stating the Bianchi identities
3DrµFνρs
M “ ´12 ptαqMNBNHµνρ α ´
1
2
ΩMN HµνρN , (2.41)
with the three-form field strengths Hµνρα and HµνρN defined by this equation up to terms
that vanish under the projection with ptαqMNBN . This identity again is a nice illustration of
tensorial structures of the type (2.24), with the field strength HµνρM transforming according
to (2.26) under generalized Lie derivatives.
3 Covariant E7p7q Theory
With the tensor hierarchy associated to generalized diffeomorphisms set up, we are now in the
position to define the various terms in the action (1.4) and the duality equation (1.3). We then
verify that the complete set of equations of motion is invariant under generalized internal and
external diffeomorphisms, which in turn fixes all the couplings.
Kinetic terms The metric, the scalar fields and the vector gauge fields come with second
order kinetic terms in the action (1.4). As in [2,17], the Einstein-Hilbert term is built from the
improved Riemann tensor
pRµνab ” Rµνabrωs ` FµνMeaρBMeρb , (3.1)
where Rµν
abrωs denotes the curvature of the spin connection which in turn is given by the
standard expression in terms of the vierbein with all derivatives covariantized according to
Dµeν
a ” Bµeν
a ´Aµ
MBMeν
a ´
1
2
BMAµ
Meν
a . (3.2)
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I.e., the vierbein is an E7p7q scalar of weight λ “
1
2
. The covariantized Einstein-Hilbert term
LEH “ e pR “ e eaµebν pRµνab , (3.3)
then is invariant under Lorentz transformations and correctly transforms as a density under
internal generalized diffeomorphisms with the weight 2 of the vierbein determinant and the
weights ´1
2
of the inverse vierbeins adding up to 1. The 70 scalar fields of the theory parametrize
the coset space E7p7q{SUp8q, which is conveniently described by the symmetric 56 ˆ 56 matrix
MMN , with the kinetic term given by
Lsc “
1
48
e gµν DµMMN DνM
MN , (3.4)
with the inverse matrix MMN related by
MMN “ ΩMKΩNLMKL , (3.5)
as a consequence of the symplectic embedding of E7p7q. All derivatives in (3.4) are covariantized
as (2.28) with MMN transforming as an E7p7q tensor of weight λ “ 0 . This is compatible with
the group property detMMN “ 1 . As for the Einstein-Hilbert term, the total weight of (3.4)
is 1 as required for ΛM gauge invariance. Finally, also the Yang-Mills kinetic term
LYM “ ´
1
8
eMMN F
µνMFµν
N , (3.6)
carries the correct weight of 1, since the field strengths transform as tensors of weight λ “ 1
2
,
c.f., (2.38). As discussed above, this term gives rise to second order field equations for all 56
vector fields Aµ
M whereas the Lagrangian (1.4) is amended by the covariant first-order duality
equations
Eµν
M ” Fµν
M `
1
2
e εµνρσ Ω
MN MNK F
ρσ K “ 0 , (3.7)
which ensures that only 28 of them correspond to independent propagating degrees of freedom.
Both terms in this duality equation are E7p7q tensors of weight λ “
1
2
.
Topological term The topological term is required in order to ensure that the variation of
the two-form tensors in (3.6) does not give rise to inconsistent field equations. This term is
most conveniently constructed as the boundary term of a manifestly gauge invariant exact form
in five dimension as
Stop “ ´
1
24
ż
Σ5
d5x
ż
d56Y εµνρστ Fµν
M DρFστM
”
ż
BΣ5
d4x
ż
d56Y Ltop . (3.8)
The explicit form of the four-dimensional Lagrangian density is not particularly illuminating,
since it is not manifestly gauge invariant. What we will need in the following is its variation
δLtop “ ´
1
4
εµνρσ
ˆ
δAµ
MDνFρσM ` FµνM
´
6ptαqMNBN∆Bρσα `
1
4
ΩMN∆BρσN
¯˙
, (3.9)
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which takes a covariant form in terms of the general variations introduced in (2.36). From this
expression it is straightforward to explicitly verify gauge invariance under Λ and Ξ transforma-
tions (2.37), (2.40).
Variation of the combined Lagrangian LYM ` Ltop w.r.t. the two-forms consistently repro-
duces parts of the duality equation (3.7). More precisely, variation w.r.t. Bµν α yields the duality
equation under internal derivatives ptαqMNBN whereas variation w.r.t. Bµν M formally seems
to give all of (3.7), however one must take into account that this field itself is constrained by
(2.34), such that the variation of its components is not independent.
Concerning the Lagrangian of the gauge field sector, the sum LYM ` Ltop constitutes an
incomplete (or ‘pseudo-’)action that must be amended by the additional first order duality
equations (3.7). This is in the spirit of the ‘democratic formulation’ of supergravities [28].
In reality we are thus working on the level of the field equations and simply introduce this
Lagrangian as a convenient tool to verify symmetries of the field equations in a compact way.
Alternatively, one may switch to a true Lagrangian formulation in the standard fashion [11,29]
by choosing a symplectic frame that selects 28 electric vector fields Aµ
Λ, breaking the matrix
MMN into
MMN “
˜
MΛΣ MΛ
Σ
MΛΣ M
ΛΣ
¸
”
˜
pI `RI´1RqΛΣ ´pRI
´1qΛ
Σ
´pI´1RqΛΣ pI
´1qΛΣ
¸
, (3.10)
and replacing the kinetic term (3.6) by
LYM “ ´
1
4
eIMN F
µνMFµν
N ´
1
8
εµνρσ RMN Fµν
MFρσ
N . (3.11)
The topological term then is modified similar to the structure given in [14] that treats asym-
metrically the electric and magnetic vector fields. The resulting Lagrangian carries 28 electric
vectors with proper kinetic term (3.11) and 28 magnetic duals that only appear in covariant
derivatives and the topological term. Its field equations are equivalent to those we have been
discussing above. For this paper, we prefer to work on the level of the field equations (or
equivalently with the ‘pseudo’-action (3.6)) since that formulation retains the manifest E7p7q
covariance.
Let us discuss the field equations of the vector/tensor system. Taking the exterior derivative
of (3.7) and using the Bianchi identity (2.41) one obtains second order field equations for the
vector fields
Dν
`
eMMN F
µνN
˘
“ ´2 εµνρσptαqM
NBNHνρσ α `
1
12
εµνρσ HνρσM . (3.12)
We may compare this equation to the field equations obtained from variation of the Lagrangian
(3.6), (3.8)
Dν
`
eMMN F
µνN
˘
“ 2e
´ pJµM ` J µM¯´ 1
2
εµνρσ DνFρσM (3.13)
with the gravitational and matter currents defined by general variation w.r.t. the vector fields
δALEH ” e pJµM δAµM , δALsc ” eJ µM δAµM , (3.14)
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e.g. explicitly
J µM “ e
´1 BN
`
eDµMNPMMP
˘
´
1
24
DµMKLBMMKL . (3.15)
Combining (3.12) and (3.13), we obtain the duality equations between scalar and tensor fields
e pJµM ` eJ µM “ ´2 εµνρσptαqMNBNHνρσ α ` 1
12
εµνρσ HνρσM . (3.16)
Inserting (3.15) we can project this equation onto its irreducible parts and obtain
e pJµM ´ 1
24
eDµMKLBMMKL “
1
12
εµνρσ HνρσM ,
´
1
2
ptαqK
L
`
eDµMKPMLP
˘
“ εµνρσHνρσ α . (3.17)
More precisely, the second equation only arises under projection with the derivatives ptαqMNBN .
The potential Finally, we discuss the last term in the EFT action (1.4). The potential V is
a function of the external metric gµν and the internal metric MMN given by
V “ ´
1
48
MMNBMM
KL BNMKL `
1
2
MMNBMM
KLBLMNK
´
1
2
g´1BMg BNM
MN ´
1
4
MMNg´1BMg g
´1BNg ´
1
4
MMNBMg
µνBNgµν .
(3.18)
The relative coefficients in here are determined by ΛM gauge invariance, in a computation that
is analogous to the E6p6q case presented in [2] and that we briefly sketch in the following. We
first note that acting with BM on an E7p7q scalar S adds a density weight of ´
1
2
. Consider its
variation δΛS “ Λ
NBNS. It can then be easily checked by writing out the projector (2.1) that
its partial derivative transforms covariantly as
δΛpBMSq “ LΛpBMSq , where λpBMSq “ ´
1
2
, (3.19)
i.e., as a co-vector density of weight λ “ ´1
2
. Similarly, while M is a tensor of weight zero,
its partial derivatives BM carry a weight of ´1
2
, which is precisely the right weight to combine
with the weight 2 of the vierbein determinant e to a total weight of 1 for the potential term, as
needed for gauge invariance of the action. In contrast to a scalar however, the partial derivative
BM receives also various non-covariant terms whose cancellation needs to be verified explicitly.
A direct computation gives for the first term in (3.18), up to boundary terms,
δΛ
´
´
1
48
eMMNBMM
KL BNMKL
¯
“ eBMBRΛ
P MMNMLRBNMPL . (3.20)
For this computation one has to use that M´1BM takes values in the Lie algebra of E7p7q so
that the adjoint projector acts as the identity,
P
R
S
K
QM
QLBNMKL “ M
RLBNMSL . (3.21)
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For the second term in (3.18) one finds after a straightforward calculation
δΛ
´ 1
2
eMMNBMM
KLBLMNK
¯
“ ´ eBMBRΛ
P MMNMLRBNMPL
` eBMBPΛ
LBLM
MP ` eBMBPΛ
P BLM
ML
´ 12eBMBRΛ
P ptαq
KRptαqPQM
QLMMNBLMNK
´
1
2
eBMBRΛ
PΩKRΩPQM
QLMMNBLMNK
“ ´ eBMBRΛ
P MMNMLRBNMPL
` eBMBPΛ
LBLM
MP ` eBMBPΛ
P BLM
ML .
(3.22)
In the second equality we used again that the current pJLq
M
K ” M
MNBLMNK is Lie algebra
valued, which implies that the terms in the third and fourth line are zero. In order to see this
we note
2pJLq
pM
Kptαq
RqK “ 2pJLq
βptβq
pM
Kptαq
RqK “ pJLq
βfβα
γptγq
MR , (3.23)
where we expanded the current into the basis tα and used the invariance of ptαq
MN in the final
step. This is precisely the structure in the third line of (3.22), where this term is contracted
with BMBRΛ
P and hence zero by the section constraint. Similarly, in the fourth line in (3.22)
the symplectic form ΩKR raises an index on the current, whose free indices are then contracted
with BMBRΛ
P , giving zero by the section constraint. With the final result in (3.22) we see
that the cubic term in M cancels the term in (3.20). It is straightforward to verify that the
remaining two terms cancel against the variations coming from the second line in the potential
(3.18), up to total derivatives, thus proving full gauge invariance of the potential term.
For comparison of the full result with the truncations that have been given in the litera-
ture [26,30,31],3 we finally note that after the truncation that sets gµν “ e
2∆ηµν , the potential
term reduces to
Lpot “ ´ eV “ e
4∆
´ 1
48
MMNBMM
KL BNMKL ´
1
2
MMNBMM
KLBLMNK
` 4BM∆ BNM
MN ` 12MMNBM∆ BN∆
¯
, (3.24)
and can be rewritten in terms of the rescaled matrix xMMN ” eγ∆MMN . It is important to note
that (3.24) remains E7p7q invariant only upon keeping ∆ as an independent degree of freedom.
External diffeomorphisms The various terms of the EFT action (1.4) have been deter-
mined by invariance under generalized internal ΛM diffeomorphisms. In contrast, the relative
coefficients between these terms are determined by invariance of the full action (or equations
of motion) under the remaining gauge symmetries, which are a covariantized version of the
external p3 ` 1q-dimensional diffeomorphisms with parameters ξµpx, Y q. For Y -independent
3See also [32,33] for the geometric interpretation of these terms.
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parameter, external diffeomorphism invariance is manifest. On the other hand, gauge invari-
ance for general ξµpx, Y q determines all equations of motion with no free parameter left. The
gauge variations of vielbein, scalars and the vector fields are given by
δξeµ
a “ ξνDνeµ
a `Dµξ
νeν
a ,
δξMMN “ ξ
µDµMMN ,
δξAµ
M “ ξν Fνµ
M `MMN gµν BN ξ
ν , (3.25)
i.e. take the form of covariantized diffeomorphisms together with an additional M-dependent
contribution in δA, that has likewise appeared in [2, 25]. Invariance of (1.4) can be shown in
close analogy to the calculation for the E6p6q case of [2]. Instead of repeating this discussion,
let us spend a few words on the particularities of the E7p7q case, i.e. generalized diffeomorphism
invariance of the first-order duality relations (3.7) and the transformation laws for the two-form
tensors. The latter fields transform as
∆ξBµν α “ ξ
ρHµνρα ,
∆ξBµν M “ ξ
ρHµνρM ` 2e εµνρσg
στDρ
´
gτλBM ξ
λ
¯
, (3.26)
in terms of the covariant variations (2.36). In particular, the variation of the constrained com-
pensating tensor gauge field Bµν M carries an additional non-covariant term that is required
for gauge invariance of the equations of motion. We note that a similar term has appeared
in the transformation laws of the constrained compensating (vector) gauge fields in the three-
dimensional formulation [25]. Moreover, the structure of the transformation rule is manifestly
consistent with the constraints (2.34) on this field. From (3.25), (3.26), we find the transfor-
mation law of the field strengths
δξFµν
M “ Lξ Fµν
M ` 2
`
DrµM
MNgνsρ ´ 6pt
αqMN Hµνρα
˘
BN ξ
ρ
` 2MMNDrµ
`
gνsρBNξ
ρ
˘
´ e εµνλσg
στΩMN Dλ pgτρBN ξ
ρq , (3.27)
where the first term describes the standard transformation under (covariantized) diffeomor-
phisms. On-shell, upon using the duality equations (3.17), this transformation may be rewritten
in the compact form
δξFµν
M “ Lξ Fµν
M ` Zµν
M ´
1
2
eεµνρσ Ω
MNMNK Z
ρσ K ,
with Zµν
M ” 2Drµ
`
MMNgνsρBN ξ
ρ
˘
. (3.28)
From this expression it is evident that the non-covariant terms in the variation of Fµν
M drop
out when calculating the variation of the duality equation (3.7):
δξEµν
M “ LξEµν
M , (3.29)
thus the duality equation is duality covariant. More precisely, as we used (3.17), it follows that
the first-order duality relations transform into each other. The discussion shows that the extra
terms in the variation of (3.26) are crucial for this covariance. Moreover, the calculation requires
the precise form (3.17) of the duality equation between scalars and tensors and thereby fixes
the corresponding relative coefficients in the action (1.4). Eventually, external diffeomorphism
invariance of the complete set of equations of motion fixes all the coefficients in (1.4) and the
equations of motion.
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4 Embedding D “ 11 and Type IIB Supergravity
In the previous sections, we have constructed the unique set of E7p7q-covariant equations of
motion for the fields (1.2), that is invariant under generalized internal and external diffeo-
morphisms. It remains to explicitly embed D “ 11 supergravity. Evaluating the above field
equations with an explicit appropriate solution of the section constraints (1.1), one may recover
the full dynamics of D “ 11 supergravity after rearranging the eleven-dimensional fields ac-
cording to a 4 ` 7 Kaluza-Klein split of the coordinates, but retaining the full dependence on
all eleven coordinates.
The relevant solution of the section condition is related to the splitting of coordinates
according to the decomposition of the fundamental representation of E7p7q under its maximal
GLp7q subgroup:
56 ÝÑ 7`3 ` 21
1
`1 ` 21´1 ` 7
1
´3 , 
YM
(
ÝÑ tym, ymn, y
mn, ymu . (4.1)
Here subscripts refer to the GLp1q weight, indices m,n, . . . label the vector representation of
GLp7q, and the coordinates ymn “ yrmns, ymn “ yrmns are antisymmetric in their indices. The
adjoint representation breaks according to
GLp7q Ă E7p7q : 133 Ñ 7
1
`4 ` 35`2 ` 10 ` 480 ` 35
1
´2 ` 7´4 . (4.2)
The GLp1q grading of these decompositions shows immediately that
ptαq
mn “ 0 , (4.3)
since there is no generator of charge `6 in the adjoint representation. Consequently, the
section constraints (1.1) are solved by truncating the coordinate dependence of all fields and
gauge parameters to the coordinates in the 7`3:
Φpxµ, YM q ÝÑ Φpxµ, ymq , i.e. Bmn Ñ 0 , Bmn Ñ 0 , B
m Ñ 0 . (4.4)
Accordingly, for the compensating gauge field constrained by (2.34) we set all but the associated
7 components Bµν m to zero
Bµν
mn Ñ 0 , Bµν mn Ñ 0 , Bµν
m Ñ 0 . (4.5)
The various fields of D “ 11 supergravity are recovered by splitting the vector fields Aµ
M
and the two-forms Bµν α, Bµν M according to (4.1), (4.2), and parametrizing the scalar matrix
MMN “ pVV
T qMN in terms of a group-valued vielbein V, defined in triangular gauge according
to [34] as
V ” exp
“
φ tp0q
‰
V7 exp
”
ckmn t
kmn
p`2q
ı
exp
”
ǫklmnpqrcklmnpq tp`4q r
ı
. (4.6)
Here, tp0q is the E7p7q generator associated to the GL(1) grading, V7 denotes a general element
of the SLp7q subgroup, whereas the tp`nq refer to the E7p7q generators of positive grading in
(4.2). All generators are evaluated in the fundamental 56 representation (4.1). Upon choosing
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an explicit representation of the generators ptαqM
N in terms of SLp7q invariant tensors, splitting
of all tensors according to (4.1), (4.2), and explicitly imposing (4.4), the above E7p7q covariant
field equations can be mapped into those of D “ 11 supergravity. This requires redefinitions of
all the form fields originating from the 11-dimensional 3-form and 6-form in the usual Kaluza-
Klein manner, i.e., flattening the world indices with the elfbein and then ‘un-flattening’ with
the vierbein eµ
a, as well as subsequent further non-linear field redefinitions and appropriate
dualization of some field components. We have gone through this exercise in all detail in
the E6p6q-covariant construction [2] and reproduced the full and untruncated action of eleven-
dimensional supergravity. Here, we will restrict the discussion to illustrating the novel features
of the E7p7q case.
The scalar fields cmnk “ crmnks and cmnklpq “ crmnklpqs parametrizing the matrix MMN
according to (4.6) have obvious origin in the internal components of the 11-dimensional 3-form
and 6-form. Let us consider the 56 vector fields, splitting according to (4.1) above into 
Aµ
M
(
ÝÑ tAµ
m, Aµmn, Aµ
mn, Aµmu . (4.7)
The first 7 vector fields Aµ
m correspond to theD “ 11 Kaluza-Klein vectors, whereas the 21`21
components Aµmn and Aµ
mn are related to the corresponding components of the 11-dimensional
3-form and 6-form, respectively. The last 7 vector fields Aµm have no direct appearance in
D “ 11 supergravity, but capture some of the degrees of freedom of its dual graviton. Let us
consider their role in some more detail. Evaluating a generic covariant derivative (2.28), upon
taking the above solution of the section constraint and using the split (4.7), shows that most of
the vector fields only appear under internal derivatives Bm; more precisely, out of the 56 vectors
Aµ
M , the full connection only carries the following combinations of gauge fields
D
` 
AM
(˘
“ D
´!
Am, BrkAmns, BkA
km
)¯
. (4.8)
In particular, the 7 vectors Aµm drop out from all covariant derivatives. Moreover, a quick
counting of the independent vector field components in this connection yields
Am : 7 , BrkAmns : 15 , BkA
km : 6 . (4.9)
E.g. the 21 components Amn enter the connection (4.8) in a way invariant under transformations
Amn Ñ Amn ` Brmans which can be used to set 6 of these components (say the Am7) to zero,
etc.. This counting shows that in total 7 ` 15 ` 6 “ 28 out of the 56 vector fields participate
in the connections, a counting that is also consistent with [27]. This is in precise agreement
with the general structure of maximal gauged supergravities [14], in which at most 28 vector
fields participate in the gauging of some non-abelian symmetry. We may perform an analogous
counting of the number of two-form components from Bµν α that actually appear in the covariant
field strengths (2.33) and find
BrmBns : 6 , BkB
kmn : 15 . (4.10)
Together with the 7 components surviving in Bµν M after imposing (4.5) this makes a total of
28 2-forms entering the covariant field strengths Fµν
M and thereby the twisted first-order self-
duality equations (3.7) and the action (1.4). Again, this counting is in precise agreement with
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the general structure of maximal gauged supergravities [14]: the existence of non-abelian self-
duality equations requires a compensating 2-form per vector field participating in the gauging.
In order to reproduce the field equations ofD “ 11 supergravity, second order field equations
for the vector fields can be read off from (3.11), upon first decomposing the matrix MMN ob-
tained from (4.6) according to (3.10), with a specific choice of symplectic frame. Alternatively,
21 of the first-order self-duality equations (3.7) can be mapped directly to the corresponding
components of the D “ 11 duality equations between 3-form and 6-form. The seven remain-
ing self-duality equations are those featuring the vector field Aµm which has no origin in the
standard formulation of D “ 11 supergravity and rather corresponds to components of the
D “ 11 dual graviton. Only their derivatives (such that Aµm drops from the equations) can be
matched to the D “ 11 second order field equations. In the E7p7q covariant formulation, these
equations exist as first-order duality equations by virtue of the surviving components Bµν m of
the covariantly constrained fields Bµν M (4.5), that play the role of compensating tensor gauge
fields.
Let us finally briefly discuss the embedding of IIB supergravity. Just as for the E6p6q
EFT [1,2], there is another inequivalent solution to the section conditions (1.1) that describes
the embedding of the full ten-dimensional IIB theory [35,36] into the E7p7q EFT.
4 In this case,
the relevant maximal subgroup of E7p7q is GLp6q ˆ SLp2q, under which the fundamental and
adjoint representation decompose according to
56 Ñ p6, 1q`2 ` p6
1, 2q`1 ` p20, 1q0 ` p6, 2q´1 ` p6
1, 1q´2 , (4.11)
133 Ñ p1, 2q` 3 ` p15
1, 1q` 2 ` p15, 2q` 1 ` p35` 1, 1q0 ` p15
1, 2q´ 1 ` p15, 1q´ 2 ` p1, 2q´ 3 ,
with the subscript denoting the GLp1q charge. With the corresponding split of coordinates and
vector fields5  
YM
(
Ñ tym, yma, ykmn, y
ma, ymu , 
Aµ
M
(
Ñ tAµ
m, Aµma, Aµ kmn, Aµ
ma, Aµmu , (4.12)
it follows as above, that the constraints (1.1) and (2.34) are solved by restricting the coordinate
dependence of all fields to the 6 coordinates ym (of highest GLp1q charge), and setting all but
the associated 6 components of Bµν M to zero
Bma Ñ 0 , Bkmn Ñ 0 , Bma Ñ 0 , B
m Ñ 0 ,
Bma Ñ 0 , Bkmn Ñ 0 , Bma Ñ 0 , B
m Ñ 0 . (4.13)
The set of IIB fields and equations of motion is recovered upon choosing an explicit repre-
sentation of the generators ptαqM
N in terms of SLp6q ˆ SLp2q invariant tensors, splitting of
all fields and tensors according to (4.11), and explicitly imposing (4.13). As above, this re-
quires the standard Kaluza-Klein redefinitions together with additional non-linear redefinitions
4An analogous solution of the SLp5q covariant section condition, corresponding to some three-dimensional
truncation of type IIB, was discussed recently in the truncation of the theory to its potential term [37].
5Indices m,n “ 1, . . . , 6 and a “ 1, 2, label the fundamental representations of SLp6q and SLp2q, respectively.
The coordinates ykmn “ yrkmns and vector fields Aµ kmn “ Aµ rkmns are antisymmetric in all their internal
indices.
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of all the form fields and appropriate dualization of some field components. The scalar matrix
MMN “ pVV
T qMN in this case is most conveniently parametrized in terms of a group-valued
vielbein V, defined in triangular gauge as
V ” exp
“
φ tp0q
‰
V6 V2 exp
”
cmna t
mna
p`1q
ı
exp
”
ǫklmnpq cklmn tp`2q pq
ı
exp
”
ca t
a
p`3q
ı
.(4.14)
Here, tp0q is the E7p7q generator associated to the GL(1) grading, V6 and V2 denote general ele-
ments of the SLp6q and SLp2q subgroups, respectively, and the tp`nq refer to the E7p7q generators
of positive grading in (4.11). All generators are evaluated in the fundamental 56 representation.
The scalar fields cmna “ crmns a and ca in (4.14) descend from the internal components of the
10-dimensional 2-form doublet and its dual 6-form doublet. In turn, cklmn has its origin in the
internal components of the (self-dual) four-form. From the 56 vector fields, split according to
(4.12), the first 6 vector fields Aµ
m correspond to the D “ 10 Kaluza-Klein vectors, whereas
the 44 components Aµma, Aµ kmn, and Aµ
ma are related to the corresponding components of
the 10-dimensional p-forms. Again, the last 6 vector fields Aµm have no direct appearance in
IIB supergravity, but capture some of the degrees of freedom of its dual graviton. Evaluating
a generic covariant derivative (2.28), with (4.13) and (4.12), shows that these 6 vectors drop
out from all covariant derivatives. More precisely, the full connection only carries the following
combinations of gauge fields
D
` 
AM
(˘
“ D
` 
Am, BrmAnsa, Brk Almns, BmA
ma
(˘
. (4.15)
Counting of the independent components similar to (4.9)
Am : 6 , BrmAnsa : 2 ¨ 5 , BrkAlmns : 10 , BmA
ma : 2 , (4.16)
shows that also for IIB there are precisely 28 out of the 56 vector field components which appear
in the connections (4.15). Similarly, evaluation of the expressions (2.33) shows that in this case
from the 133 Bµν α, only the combinations
BmBa : 2 , BrkBmns : 10 , BkB
kma : 2 ¨ 5 , (4.17)
appear in the covariant field strengths (2.33) and the action (1.4). Together with the 6 compo-
nents surviving in Bµν M after imposing (4.13) this again makes a total of 28 2-forms entering
the twisted first-order self-duality equations (3.7) as compensating tensor gauge fields.
The first- and second-order field equations of type IIB supergravity are obtained from (1.3)
and (1.4) with the above split of fields, constraints (4.13), field redefinitions and appropriate
dualization. Again, we note that the six self-duality equations from (1.3) featuring the vector
fields Aµm have no direct origin in IIB, as these vector fields correspond to components of the
D “ 10 dual graviton. Only their derivatives (such that Aµm drops out from the equations)
can be matched to the standard IIB field equations.
5 Summary and Outlook
In this paper we have spelled out the details of the E7p7q exceptional field theory. The main
conceptual novelty of this case as compared to E6p6q is that, from the eleven-dimensional per-
spective, the 7 Kaluza-Klein vectors are introduced together with their on-shell duals, satisfying
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an electric-magnetic twisted self-duality relation. These on-shell duals thus correspond, again
from the eleven-dimensional perspective, to components of the dual graviton. Despite the no-
go theorems of [22, 23], it is possible to consistently include those fields in a non-linear theory
by virtue of the simultaneous inclusion of compensating (2-form) gauge fields. This naturally
follows from the structure of the tensor hierarchy, and also gives a duality-covariant form of
the mechanism introduced in [24]. A crucial aspect of this mechanism is that the compensating
gauge field itself is covariantly constrained in that it needs to satisfy E7p7q covariant constraints
that are of the same structural form as the section constraints.
Although a deeper conceptual understanding of these constrained fields is certainly desir-
able, we have seen in the above construction of a fully E7p7q covariant formulation that their
presence appears unavoidable. Recall that the need for such constrained 2-forms was an im-
mediate consequence of the algebraic structure of the E7p7q E-bracket Jacobiator. Equivalently,
these fields were found indispensable for the definition of a gauge covariant field strength (2.33)
for the vector fields. As we have discussed, this nicely fits into a more general pattern of the
tensor hierarchy of exceptional field theories: For the E6p6q theory of [2] the necessity of in-
troducing additional constrained compensating fields appears at the level of 3-forms (which,
however, do not appear explicitly in the action). Similarly, in E8p8q EFT the compensating
gauge field appears among the vector fields and can be viewed as an E8p8q gauge potential,
again subject to E8p8q covariant constraints as found for the Ehlers SLp2,Rq subgroup in [25].
Its presence also cures the seeming obstacle of non-closure of the algebra of generalized dif-
feomorphisms [27].6 It is intriguing to observe that this purely group-theoretical origin of the
constrained compensator fields in the tensor hierarchy precisely matches (and in fact enables)
the appearance of components of the eleven-dimensional dual graviton field among the physical
fields of the exceptional field theories. E.g. we have seen in (4.5) that in the embedding of
eleven-dimensional supergravity the constraint (2.34) implies that all but seven components of
the compensating two-form are identically zero. These non-vanishing components are precisely
those that couple via (2.33) to the field strengths associated to the seven vector fields originating
from the eleven-dimensional dual graviton. One may speculate that eventually the constraints,
both the section constraint involving the coordinates and the constraints on the compensator
fields, may be relaxed so that in particular the physical significance of the dual graviton may
become more transparent.
Eleven-dimensional and type IIB supergravity naturally embed into the E7p7q EFT, as dis-
cussed in sec. 4. We leave a more detailed description of this embedding at the level of the
action or the field equations to future work. This should include the formulation of the fermionic
sector and the supersymmetry transformations, which in turn will also clarify the relation to
the reformulation of de Wit and Nicolai [38]. A natural question, among many, then is which
gauged N “ 8 supergravities can be embedded, via the E7p7q EFT, into eleven-dimensional
supergravity and which may require the extended 56 E7p7q coordinates in a non-trivial fashion
(perhaps after a suitable relaxation of the constraints). We leave these and other questions for
future work.
6 The details for the E8p8q EFT will be presented in a separate publication.
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Appendix
A Algebraic relations
In this appendix we collect a few important E7p7q relations. First, contracting the adjoint indices
of two generators, we have the following relation:
ptαqM
KptαqN
L “
1
24
δKM δ
L
N `
1
12
δLMδ
K
N ` ptαqMN pt
αqKL ´
1
24
ΩMNΩ
KL , (A.1)
for the projector onto the adjoint representation. Contracting two of the fundamental indices,
the relation (A.1) gives
ptαqM
KptαqK
N “
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8
δNM . (A.2)
There are also various higher-order relations among the generators, which we list as
0 “ 9ptαqM
KptβqKN ptαq
pPQptβq
RSq ` 2 ptαqrM
pP ptαq
QR δ
Sq
Ns ´
1
8
ΩMN pt
αqpPQptαq
RSq ,
0 “ ptαqNLptαq
MpK ptβq
QqL `
1
12
ptβq
MpK δ
Qq
N ´
1
24
ptβqN
pKΩQqM
`
1
24
ptβq
KQ δMN `
1
2
ptαqNLptαq
KQ ptβq
ML ´
1
2
ptαqMLptαq
KQ ptβqNL , (A.3)
and their contraction
ptαqMLptαq
NQ ptβqNL “ ´
7
8
ptβq
MQ . (A.4)
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